MODULI SPACES OF PRINCIPAL F-BUNDLES 



YAKOV VARSHAVSKY 

Abstract. In this paper we construct certain moduli spaces, which we call mod- 
uli spaces of (principal) ^-bundles, and study their basic properties. These spaces 
are associated to triples consisting of a smooth projective geometrically connected 
curve over a finite field, a split reductive group G, and an irreducible algebraic 
representation TD of (G) n /Z(G). Our spaces generalize moduli spaces of F-sheaves, 
studied by Drinfeld and Lafforgue, which correspond to the case G = GL r and W is 
the tensor product of the standard representation and its dual. The importance of 
the moduli spaces of F-bundles is due to the belief that Langlands correspondence 
is realized in their cohomology. 



1. Introduction 

Let X be a smooth projective curve geometrically connected over a finite field ¥ q , 
F = ¥ q (X) the field of rational functions on X, A = Ap the ring of adeles of F, Tp 
the absolute Galois group of F, and / a fixed prime, not dividing q. 

Recall that the Langlands correspondence for GL r , proved by Lafforgue ( |La2j ). 
associates an irreducible £-adic representation p n : Tp — > GL r (Qi) to every cuspidal 
representation tt of GL r (A), whose central character is of finite order. As a result, 
to each pair consisting of tt and an algebraic representation u of GL r , Langlands 
correspondence associates an £-adic representation p n ^ := u a p n of IV. 

Let G be a split reductive group over ¥ q , hence over F, and let G/Qi be the dual 
group of G. Then Lafforgue theorem together with Langlands functoriality conjec- 
ture predicts that to every pair (tt, lS) consisting of a tempered cuspidal representa- 
tion tt of G{A) with finite order central character and an algebraic representation uo 
of G, one can associate an £-adic representation p n<lJ of IV, whose L-function equals 
that of (tt, uj). 

More generally, for each n G N let F^ n ' = ¥ q (X n ) be the field of rational functions 
of X n . Then tt together with an n-tuple u = (u>i, . . . ,tu n ) of representations of G 
give rise to an £-adic representation p n ^ of T F ( n ), defined as the composition of the 
natural restriction map T F ( n ) — > (T F ) n with representation Kl™ =1 p 7r a; . of (T^) n . In 
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particular, the Langlands conjecture associates to every pair consisting of it and an 
irreducible representation ZJ of {G) n a certain £-adic representation p n>Z j of T F ( n ). 

Furthermore, it is generally believed that the corresponding p n ^ is "motivic", 
that is, there exists an algebraic variety X^^/F^ such that is a subquotient 
of its cohomology. Moreover, for certain uJ's one hopes to find an algebraic "space" 
X m which "realizes all of p nt m" ■ By this we mean that X w is equipped with an action 
G(A), and H*(X&,lC(Qi)) has a "motivic" subquotient isomorphic to the direct 
sum of the (tt M p^.^'s, taken with certain multiplicities. 

When G = GL r , n = 2 and ZJ is the product of the standard representation and 
its dual, the existence of X^ was proved by Lafforgue ( |La2j ). generalizing an earlier 
work of Drinfeld ( |Drl| lDr2j ). On the other hand, the required space cannot exist 
in the case G = GL2, n = 1 and u is the standard representation. Indeed, the 
subquotient should be defined over Q/, but the direct sum ©^(vr IE p n ) is not (see 
[KaJ). Thus Xjj can exist only for certain uJ's. 

The goal of this paper is to construct a candidate of X& for each irreducible 
representation ZJ of (G) n /Z(G) (where Z(G) is the center of G, embedded diagonally 
in (G) n ) and to study its basic properties. By analogy with F-sheaves, introduced 
by Drinfeld, we will call our spaces moduli spaces of (principal) F-bundles. 

More precisely, for each n £ N we construct a "space" X n over F^ n \ equipped 
with an action of G(A). Next for each irreducible representation ZJ of (G) n /Z(G) we 
construct a G(A)-invariant closed "subspace" X&. Then we construct a "cuspidal" 
subquotient of H^(X U , IC(Q/)), in which Langlands correspondence "should be real- 
ized". This is especially plausible in the case G = GL r (see Conjecture I2.35|) . when 
Langlands correspondence is known, so the question is well posed. As evidence, we 
show that our conjecture holds in the Drinfeld's case and holds "up to r-negligibles" 
in the Lafforgue case. 

Roughly speaking, our construction can be described as follows: the space X n 
classifies triples consisting of an n-tuple (xi, . . . , x n ) G X n , a G-bundle Q on X, and 
an isomorphism between the restrictions of Q and its Frobenius twist T Q to the 
complement of (the graphs of) the Xj's. 

To define X&s, observe that each irreducible representation ZJ of (G) n (hence of 
(G) n /Z(G)) corresponds to a certain n-tuple (u\, . . . ,u n ) of dominant coweights of 
G (see Remark [2. 17)) . Then we define X& to be the closed substack of X n , consisting 
of those triples (£/; xi, . . . , x n ; 0), for which the relative position of 4>(G) and T Q at 
Xi is less than or equal to u>i for each i. 

By construction, X n is just a twisted version of the global affine grassmannian 
over X n . Moreover, if we denote by T^jX n the extension by zero of the IC-sheaf 
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of Xzj, then the correspondence u i— > is just a twisted version of the geometric 
Satake correspondence (see Theorem 12 .201 and Corollary I2.21j) . 

Finally, to get the required subquotient of H^Xjj, IC(Qz)) we proceed in two steps: 
first, we consider its maximal pure quotient of weight zero H® pme (Xu, IC(Qj)), and 
then take the subspace of H® e (X&, IC(Qz)), consisting of all elements, vanishing 
on the locus of reducible F-bundles (i.e., those F-bundles which has a ^-invariant 
parabolic structure). 

We would like to note that our construction is a rather straightforward combi- 
nation of the original Drinfeld construction of the moduli of F-sheaves, Beilinson- 
Drinfeld construction of the Hecke stacks, and geometric Satake correspondence. In 
particular, it was known to Drinfeld and some others. 

Notation and conventions 

1) Let G be a split reductive group over a finite field W q , let G der be the derived 
group of G, G sc the simply-connected cover of G der , G ab := G/G deT the abelinization 
of G, and G ad the adjoint group of G. Let B D T C Z be a Borel subgroup, a 
maximal torus, and the center of G, respectively. We denote by B sc D T sc C Z sc 
the corresponding objects of G sc , and similarly for C7 der and G ad . 

2) Let p be the half-sum of all positive coroots of G. 

3) By a quasi- fundamental weight of G we mean the smallest positive multiple of 
a fundamental weight of C7 SC , which belongs to X*(T ad ) C X*(T). 

4) Let XI (T) and X+(T) be the sets of dominant weights and coweights of G, 
respectively. 

5) Weights (resp. coweights) of G we equip with (standard) ordering: Ai < A 2 if 
and only if the difference A2 — Ai is a positive integral linear combination of simple 
roots (resp. coroots) of G. 

6) For an algebraic group H, an if-bundle H on Y, and a representation V of G, 
we denote the vector bundle H\[H x V] on Y by Ttv- 

7) For a dominant weight A of G, we denote by V\ the Weyl module of G with 
the highest weight A. Also for a G-bundle ^ on V, we denote Qy x by Q\. 

8) For a finite scheme D over a field k, put Op := k[D] and \D\ := dim fc Or,. 

9) For a finite scheme D over a field k, denote the Weil restriction of scalars 
Ro/kG by Go. In particular, Gr,{k) = G(Od). More generally, for every closed 
embedding between finite schemes D\ D2, we denote by Gd 1 ,d 2 t ne kernel of the 
natural homomorphism Gd 2 ~^ Gd 1 - 

10) For a closed point v of a curve X, let O v and F v be the completions at v of 
the stalk at v of the structure sheaf and the field of its fractions, respectively. 

11) For an S'-point x of a scheme X, let T x C X x S 1 be the graph of x. 
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12) By A C X n we denote the set of all n-tuples (xi, . . . , x n ) for which there exist 
i 7^ j with Xi = Xj. 

13) By an IC-sheaf on a stack Y, we will mean the intermediate extension of 
the constant perverse Qj-sheaf on a open dense substack Y° of Y such that the 
corresponding reduced stack (Y°) red is smooth. The IC-sheaf is normalized so that 
it is pure of weight zero. The IC-sheaf on Y will denote by ICy or simply by IC. 

14) For a stack Y over a finite field W q , we denote by Frob g : Y — > Y the absolute 
Frobenius morphism over W q . 
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2. Main constructions and results 

Notation 2.1. a) Let A be a smooth projective curve geometrically connected 
over a field k, and let Bun = Bun G be the stack classifying G-bundles on A, i.e., 
Bunc{S) = {G — bundles on A x S} for each scheme S over k. 

More generally, for each finite subscheme D C A, let Buud = Butig,d be the 
stack over Bun classifying G-bundles on A with D- level structures, i.e., 

Bun G , D (S) = {Ge Bun G (S),iP : G lDxS A G x D x S}. 

b) For each u G A*(T SC ) <g> Q = A,(T ad ) <g> Q, let Bun%^ be a substack of Bun G , 
consisting of G-bundles, whose degree of instability is bounded by u, i.e., 

BuUq^IS) = {Q G Bun G {S)\ for each geometric point s G S, each 

B - structure B of Q s and each A G X* + (T ad ) : deg£ A < (u, A)}, 

where B\ is the corresponding line bundle. A substack Buixq 1 is open in Bun G (see 
Lemma fA. 3|) . More generally, for every D we will denote by Butiq^ the preimage 
of Bun^f in Bun G) D- 
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The proof of the following basic fact will be recalled in IA.11 

Lemma 2.2. The set of connected components iro(BunG) of Buna is canonically 
isomorphic to tti(G) := X*(T) / X*(T SC ) (which in its turn is canonically isomorphic 
to the group of characters of Z(G)). 

Notation 2.3. Denote by tt the canonical map Buna — > n^Bunc) = 7r 1 (G), and 
denote by [uj] G ^\{G) the class of uj G X*(T). 

Next will introduce affine grassmannians and Hecke stacks following Beilinson and 
Drinfeld (jBDj). 

Definition 2.4. a) For each n G N and each finite (not necessary non-empty) 
subscheme D C X, let Hecker>,n be the stack, which for each scheme S over k, 
classifies triples: 

i) {g,ip),{g',ip')eBun D {sy, 

ii) n points x\, x^, ■ ■ ■ ,x n G (X \ D)(S); 

iii) isomorphism : G\ {X xS)^(r xl u...ur Xn ) ^ 0|(xxs)v(r« 1 u...ur, n )> preserving D-level 
structures (that is satisfying ip' o 4>\£) X s = i/j). 

As in the case of Buud, we will omit D from the notation when D = 0. 

b) For each n-tuple of dominant coweights uj = (u>i, . . . , uj n ) of G, let Heckeo, n,u be 
the closed substack of Hecken tn defined by the condition that "the relative position 
of <p{Q) and Q' at Xi is less than or equal to Ui for each i" in the following sense: 

ni)jj 4>{Q\) C Q'\(Y17=i(^ u i)Txi) f° r each dominant weight A of G; 

ni')zj ^o{G s ) ~ n o(G' s ) = Ei^i] ^ or eacn geometric point s G S*. 

By Lemma f3.ll Hecker,^^ is an algebraic stack locally of finite type over k. 

Remark 2.5. a) Condition iii)^ implies that for each character A G X*{G) we get 
4>{G\) = Q\(J27=i(^ u i)^xi)- Indeed, apply iifb to both A and A _i . 

b) If G der is simply connected, then iii')^ is a consequence of iii)uj. Indeed, in 
this case, vr 1 (G) = X*(c7 ab ). Hence condition iii')^ is equivalent to the equality 
deg(£ A ) = deg(^) + ££=1 for every A G X*(G) = X*(C7 ab ) (compare the 
proof of Lemma f2.2l in lA~T| . Thus the statement follows from a). 

c) Stack Hecke n has a natural involution which interchanges G,<ft with £/', </> _1 . 
This involution sends Hecke n ^ into Hecke n _ WQ ^, where w is the longest element 
of the Weyl group of G, acting on X*(T) n diagonally. To see this, note that V_ wo (\) is 
the dual of the Weyl module V\ and that the projection X*(T) — > ni{G) is constant 
on the orbits of the Weyl group. 

d) One may consider a variant of the definition of Hecke njZJ , in which iii)^ is 
replaced by an a priori stronger condition: 4>{Qv) C {?(/E"=i(£, Wi)T Xi ) for each 
weight £ of G and each representation V of G all of whose weights are less than 
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or equal to £. Though the stack defined by this condition might be smaller than 
the original one, it follows from the Cartan decomposition that the corresponding 
reduced stacks coincide. However we do not know whether the same is true for 
stacks themselves (compare Remark IA.10|) . 

Following |BD| . we also consider iterated Hecke stacks. 

Definition 2.6. a) For each neN and each finite subscheme D C X, let Hecke' D n 
be the stack which for each scheme S over k classifies triples consisting of the 
following: 

i) n + 1 elements (£?, ip) = (Go, ip ), (Gi,ipi), ■ ■ ■ , (G n , ipn) = (G' , ip') of Bun D (S); 

ii) n points x\, x^, ■ ■ ■ ,x n G (X \ D)(S); 

iii) isomorphisms fa : Gi-i\rxxS)<r x . ~~* @i\(XxS)--J? x ., preserving D-level structures, 
for each i — 1, . . . , n. 

b) For each n-tuple of dominant coweights ZJ = (uii, . . . , u) n ) of G, let Hecke' D nW 
be the closed substack of Hecke' D n defined by the condition that each 

[(Gi-i,^i-i),(Gi,ipi);Xi;(j)i\ e Hecke Dil (S) 

belongs to Hecke£> t i jU!i (S). 

Remark 2.7. a) Alternatively, Hecke' D nZJ can be defined as a fiber product 
Hecke DXuJ1 x BuriD Hecke Djl>U2 x BunD . . . x BunD Hecke D ^ n . 

b) We have a natural forgetful map n : Hecke' D nW — > HeckeD, n ,u, which forgets 
(Gi,i>i), • • • , (Gn-i, VW-i) an d replaces the fa's by their composition. Furthermore, 
7r is projective (see Lemma f3.1|) surjective and small (see Lemma lA.12|) . 

c) More generally, for each partition n = k\ + . . . + k\ one can similarly consider 
a partially iterated Hecke stack 

Hecke DM x B Hecke DM x B *Bun D Hecke DM . 

The previously defined stacks Heckeo, n and Hecke' Dn correspond to the trivial 
partition n = n and the maximal partition n — 1 + . . . + 1, respectively. 

Notation 2.8. Denote by p and p' forgetful morphisms Hecke^^ — > Burin sending 
the triple to (G, if>) and (G', respectively, and define by Heckejf n and Heckej^ nTD 
the preimages of Bunj^ under p. Similarly we define Hecke and Hecke'^ w 

Remark 2.9. The space Heckeo,n is canonically isomorphic to the restriction to 
(X \ D) n of the fiber product Hecke n x Bun Burin, where the map Hecke n — > Bun 
is either p or p'. 
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Definition 2.10. Let Gr n (resp. Gr ntZJ , Gr' n , Gr' nW ) be the stacks classifying the 
same data as Hecke n (resp Hecke ntZ j, Hecke' n , Hecke' nlJ ), together with a trivial- 
ization of Q' . These spaces are called global affine grassmannians (over X n ). 

Now we are ready to introduce our main object. From now on k will be a finite 
field F g . 

Notation 2.11. For a scheme S/¥ q and an 5-point A of a stack X over F 9 , we denote 
the S'-point Frob*(A) by T A. In particular, for a coherent sheaf or a G-bundle JF 
over X x S, we will write T T instead of (Idx x Frob q )*(F). 

Definition 2.12. For each n G N and finite subscheme D C X, let FBuno,n (resp. 
FBunD, n ,Wi FBun' D nUJ , FBunjf nZJ ) be the stack classifying the same data i)-iii) as 
HeckeD yU (resp. HeckeD,n,u, Hecke' D nZJ , Heckejf nZJ ) together with an isomorphism 
Q' T Q, preserving F-level structures. 

We will call these spaces moduli spaces of (principal) F-bundles. 

Remark 2.13. a) Explicitly, a stack FBuriD,n classify triples consisting of a pair 
{Qii 3 ) £ Buud(S), an n-tuple (xi, . . . ,x n ) G (X \ D)(S), and an isomorphism 

4> '■ Q\(XxS)^(V Xl U...UT Xn ) — > T G\(XxS)^(T Xl U...UT Xn ) 

such that T ipo<p\Dxs — ty- m particular, FBuno, n is equipped with a natural action 
of the group G(Od), which replaces ip by g o ip for each g e G(Od) and does not 
change all the other data. 

b) In the case G = GL r , u)\ = (0, . . . , 0, —1) and u 2 = (1, 0, . . . , 0), the space of 
F-bundles FBun' D 2 , ^ (resp. FBun' D 2 - a ^) is the moduli space of right (resp. 
left) F-sheaves FShn, r (resp. r>,rFSh) studied by Drinfeld and Lafforgue. 

Definition 2.14. An n-tuple To = (ui, . . . ,u> n ) G X*(T) n is called admissible if the 
sum of the uVs belongs to X*(T SC ). 

Remark 2.15. As Frob q acts trivially on 7To(BuriG), we get from Lemma \2. 21 that 
condition iii')^ of Definition l2.4l implies that ZJ is admissible if FBun n ^ is non-empty. 
Conversely, if u; is admissible, then condition iii')^ in the definition of FBun n ^ holds 
automatically. 

The following proposition, whose proof will be given in 13.21 summarizes basic 
properties of the moduli spaces of F-bundles, generalizing |Drl|. Prop. 2.3 and 3.2]. 

Proposition 2.16. a) FBuno,n.zj is a Deligne-Mumford stack over (X\D) n , locally 
of finite type. Moreover, connected components of FBurL^ n - are quotients of quasi- 
projective schemes over (X \ D) n by finite groups. Furthermore, these components 
are quasi-projective schemes, if \D\ is sufficiently large relative to \l. 
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b) Every FBuno,n,uj is a finite (etale) Galois cover of FBun n ^ x x ™ (X \ D) n 
with Galois group Gr>(W q ). In particular, for each Di C D 2 , F BunD 2 ,n,w is a finite 
Galois cover of FBunD^np x (X\Di)™ (X \ D 2 ) n with Galois group Go 2 ,D 1 (^q) ■ 

c) If UJ\ — . . . — 0J n — ; then FBun DnjZJ is canonically isomorphic to the product 
of (X \ D) n with a discrete stack Bunoi^q)- 

d) FBunrj,n,u> is non-empty if and only if To is admissible. 

e) The forgetful morphism n : FBun' D nTD — > FBunD, n ,zj is projective. Moreover, 
it is an isomorphism over X n \ A. 

Remark 2.17. n-tuples of dominant coweights of G are in canonical bijection with 
dominant weights of (G) n and hence with irreducible representations of (G) n . Under 
this bijection, admissible n-tuples correspond to representations, trivial on Z(G). 

Notation 2.18. Denote by [n] the set {1, . . . , n}, and for each set A we will identify 
A n with the set of functions on [n] with values in A. In particular, every map 
i] : [n] — > [k] induces a map rj* : A k — > A n . Moreover, if A is an abelian group, then 
77 induces also a map 771 : A n — > A k (defined as r)\(f)(i) := Yljer/- 1 ^) f(j))- 

2.19. Stratification. All of the above stacks have natural stratifications: 

a) The stratification of Hecke' n (and hence of FBun' n and Gr' n ) is indexed by 
n-tuples To G X+(T) ra . To see this, define a partial order on X+(T) n by the rule 
To' < To if and only if To'(i) < u7(i) for each 7 G [n]. Then Hecke' n -, is contained 
in Hecke' nZJ if u/ < ZJ. For each ZJ G X+(T) n , let Hecke'®^ be the complement in 
Hecke' nZJ of the union of all Hecke n ^s with a/ < ZJ. Then {Hecke'®^}uj gives us a 
required stratification of Hecke' n , and we denote by {FBun'® w }zj and {Gr'® w }u the 
induced stratifications of FBun' n and Gr^, respectively. 

b) The stratification of Hecke n (and hence of FBun n and Gr n ) is indexed by 
equivalence classes of triples (k,r],To), where k < n is a positive integer, 77 : [n] — > [k] 
is a surjection, ZJ is an element of X+(T) fe , and the equivalence relation is given by 
the rule (k,a o 77, To) ~ (A;, 77, <r*(ZJ)) for each a G Sk- The set of equivalence classes 
has a natural partial order defined by the rule that [(&', 77', ZJ')] < [(&", rj", To")} if and 
only if there is a surjection 77 : [&;"] — * [A;'] such that — 77 o 77" and ZJ' < i]\(To"). 

For each T = [(fc, 77, ZJ)], let Hecke nt r C Hecke n be the image of Hecke^p^ 
under the closed embedding Hecket Hecke n , induced by 77* : X fc X™. Then 
Hecke Ht T' is contained in Hecke Ht r if T 7 < T. Denote by Hecke^ T the complement 
in Hecke n j of the union of all Hecke n ^Ss with T 7 < T. Then {Hecke^ r }r gives 
us a required stratification of Hecke' n , and we denote by {FBun^ r }r and {Gr° r }r 
the induced stratifications of FBun n and Gr n , respectively 
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For each u e X+(T), we denote %j := [(n, Id, u;)] simply by U. This will not 
lead to confusion, since each Hecke n ^ coincides with Hecke n ^ and since we have 
%j' < %j if and only if ZU' < To. 

The following theorem and its corollary, which will be proved in 14.21 and 14.41 

respectively, imply that locally in the etale topology, FBun n ,w (resp. FBun! nTD ) is 
isomorphic to Gr n ^ (resp. Gr' nZJ ). This result generalizes the corresponding result of 
Drinfeld f |Drlt Prop. 3.3]), asserting that the moduli space of F-sheaves is smooth. 

Theorem 2.20. Gr n ^ is a local model of FBun£,, n ,u>- In other words, for every 
point y G FBunD t n,u, there exists an etale neighborhood p\ : U y — > FBuno, n ,u of 
y and an Stale morphism p 2 : U y —* Gr nZJ . Moreover, p x and p 2 induce the same 
stratification of U y and the same morphism U y — > X n . Furthermore, p 2 lifts to an 
etale morphism U y ><FBun Dn - ^5un^ n - — > Gr' nW , compatible with stratifications. 
In particular, Gr f nZJ is a local model of FBun' D nZJ . 

Corollary 2.21. a) The open stratum F Bun° D nW of FBun D n ^ (resp. FBun® w 
of FBun' D nZJ ) is dense. It is non-empty if and only if ZJ is admissible. 

b) The reduced stacks (FBun° D n W ) re & and (FBun'^, nZJ ) re d are smooth over 
(X \ D) n of relative dimension Y^i=\^Pi Furthermore, both FBun° Dn ZJ and 
FBun® nS? are reduced, unless charF g = 2, and G has a direct factor isomorphic to 
PGL 2 orP0 2m+1 . 

c) The IC-sheaf of FBun£>, n ,u> (resp. FBun' D nZJ ) is the restriction (up to a ho- 
mological shift and Tate twist) of that of HeckeD,n,u (resp. Hecke' D nZJ ). In par- 
ticular, its restriction to each stratum is a direct sum of complexes of the form 
Qi(k + n/2)[2k + n] with keZ. 

d) The forgetful morphism n : FBun' DnTD — > FBunD, n ,u is projective, surjective 
and small. In particular, the intersection cohomology (with compact support) of 
FBunD, n ,zj coincides with that of FBun' D nZJ . 

Remark 2.22. The second assertion of b) says that in most cases the open strata 
FBun° D n w and FBun'p n w are reduced. However, we do not know whether the same 
is true for the full stacks FBun D n ZJ and FBun' DnZJ (compare Remark lA.lOJ) . 

Definition 2.23. We will call an F-bundle (Q; X\, . . . , x n ; 0) reducible if there exists 
a maximal parabolic subgroup P C G and a P-structure V of Q such that induces 
a rational isomorphism between V and T V. 

The following result, proved in 15.31 shows that "at infinity" all F-bundles are 
reducible. 

Notation 2.24. Let d(uJ) be the maximum of the ($^fc=i 0Jk + 4gp, Aj)'s taken over 
the set of all fundamental weights of G sc , where g is the genus of X. 
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Theorem 2.25. Every F-bundle from FBun n ^ \ FBun~^ is reducible. 

Remark 2.26. Using methods and results of K. Behrend ([Be2 ), one can show 
that Theorem 12.251 still remains true if d(uJ) is replaced by the maximum of the 
(Sfc=i u k, Aj)'s. In particular, the bound d(ZJ) can be made independent of the 
curve X. However, Theorem 12.251 seems to be sufficient for all the applications, and 
the proof of a better bound is much more involved. 

Notation 2.27. Let FBun*^ n be the generic fiber over X n of the inverse limit of 
the FBuriD,nS, and let FBun*^u be the corresponding closed substack. 

2.28. For each maximal parabolic P, let FBunp >n be the stack classifying the data 
consisting of an F-bundle (Q; Xx, . . . , x n ; (f>) and a P-structure V of Q such that 
induces a rational isomorphism between V and T V . We have a natural forgetful 
map FBunp )U — > FBun n , whose image is the set of all reducible F-bundles, corre- 
sponding to P. More generally, define FBunp^,ni FBunp^ be the fiber product 
of FBurip^n over FBun n with FBunn,n, FBun n ^^ respectively. 

Definition 2.29. By an orispheric substack we will call the image in FBunp,^^ 
(resp. F Bun* jn> u) of an irreducible component of F Buripp,, n ,zj (resp. FBunp^^). 

A more precise version (Proposition I5.7J1 of the following result generalizes the 
corresponding results of Drinfeld f |Drl| Prop. 4.3]) and Lafforgue ( |Lal| II, Thm. 5]). 

Proposition 2.30. Every orispheric substack of FBun*^ is closed. 

The following simple result, proven in 13 .71 provides us with a space over 
equipped with an action of G(A). 

Proposition 2.31. a) The group Z(A)/Z(F) acts naturally on FBuno,n and pre- 
serves each FBunjf nZ j. 

b) For each cocompact lattice J C Z(A)/Z(F), the quotient J\FBunD, n .zj a 
Deligne-Mumford stack, which is a quotient of a quasi-projective scheme by a fi- 
nite group. Furthermore, it is a quasi-projective scheme if J is torsion-free, and \D\ 
is sufficiently large relative to \i. 

c) The induced (from a) actions of Z(A)/Z(F) on FBun* >n and FBun*^^ nat- 
urally extend to continuous right actions of G(A)/Z(F). 

From now on fix a cocompact lattice J C Z(A)/Z(F) (which we may assume to be 
torsion-free) and an admissible n-tuple ZJ. We are going to define for each i e Z the 
intersection cohomology with compact support H l = Hj(p) = H l c (J\F Bun*^, IC) 
and its pure quotient H^ ure = H^ nve J (uj), both being r F (n)-modules over Qi. 
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2.32. By Proposition ^. 311 b). every J\FBunj^ nW is a quotient of a quasi-projective 
scheme over X n by finite group. Therefore we can consider the intersection coho- 
mology Hif := H l c ([J\FBun^ n -} x X n F (n \lC) and its pure quotient H^ reD (see 
Notation 16. H. 16.31 and Remark I6.4j) . 

For each //<//' and D C D', we have a natural morphism H 1 ^ 1 — > (using 
Proposition ^ ,161 b)). which by Remarks 16 . 21 and IB~4l induces an embedding H l p ^ ve D <^-> 

Hpwe,D'- Thus we can form direct limits if* and ifp Ure of the if^'s and the H p ^ mD 's, 
respectively. Both spaces are equipped with a continuous action of the product 
G(A)xr> ( „). 

Finally, let H^ re and D be subspaces of H pure , obtained as direct limits of 
the impure d' s taken over D's and /x's, respectively. 

Notation 2.33. Let H* usp = Hl nsp J (u>) be the subspace of H puTe , consisting of 
all elements vanishing on all orispheric substacks C C J\FBun* tn fi (recall that 
orispheric substacks are closed by Proposition I2.30[ and see Remark 16.21 c) for the 
definition of the restriction map). 

The main advantage of H^. over all previously defined spaces is due to part b) 
of the following result, proved in 16.51 

Proposition 2.34. a) For each dominant coweight p, > d(UJ)p, we have 
b) H^. is an admissible representation ofG(A). 

Conjecture 2.35. IfG = GL r , then the representation H® nsv J (uJ) ofGL r (A)xT F ( n ) 
is isomorphic to the direct sum ©^(vr M p w ,u), where tt runs over the set of all 
cuspidal representations of GL r (A) with vr(J) = Id, and p ntIJ is the same as in the 
introduction. (Here we identify uJ with the corresponding representation of {G) n as 
in Remark 2.1T\ ) 



Remark 2.36. When G is arbitrary, we also expect that cuspidal tempered part of 
Langlands correspondence can be realized in H® nsp , but one has to take into account 
the contribution of endoscopic groups as well. 

To provide an evidence to our conjecture, we will show in Section [7| the following 
result. 

Theorem 2.37. a) In the Lafforgue case (that is, for G = GL r ,n = 2 and oJ is the 
tensor product of the standard representation of G = GL r and its dual), Conjecture 
\2.3bl holds up to r-negligibles (see Notation \ 7.1\) . More precisely, there exists an 
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exhausting filtration = Vq C V\ C Vi C . . . C H^ &v such that each Vu+i/Vu is 
r -negligible, and 4 V 2i /V 2l -i = ©Jtt p w ). 

b) Conjecture \2. 351 holds in Drinf eld's case (that is, in the Lafforgue case with 
r = 2). 

Remark 2.38. Finally, let us introduce objects, described in the introduction. 
Let X n and be the inverse limits of the J\FBun*^s and the J\FBiin. #)fl|0 's, 
respectively, taken over all cocompact lattices in Z(A)/Z(F). Then Hl(Xjj, IC) and 
its required subquotient if* (A^, IC) are the direct limits of the if}(cJ)'s and the 
ii* uspJ (u;)'s, respectively. In particular, in the case G = GL r , our Conjecture I2.35I 
for all J's is equivalent to the assertion that H® (X^, IC) is isomorphic to the direct 
sum 0^ (it p^^), where n runs over the set of all cuspidal representations with 
finite order central characters. 



3. Basic properties of F-bundles 

In this section we will prove Propositions I2.16I and I2.31I For each v 6 tti (G) = 
7r (BunG), let us denote by Bun^fj^ the preimage in Bun^ D of the connected 
component of Buna, corresponding to z/, and similarly for other spaces such as 
Hecke and FBun. We will use the following lemma, whose proof will be sketched 
in I7Q1 

Lemma 3.1. a) If \D\ sufficiently large relative to /i, then Bun^^ is a smooth 
quasi-projective scheme for each v G ii\{G). 

b) Stack Hecke n ^ is projective over Bun x X n . 

c) The forgetful map ir : Hecke' D nZJ — > HeckeD,n,u is projective. Moreover, n is 
an isomorphism over X n \ A. 

3.2. Proof of Proposition \2. 1 61 b) The map (G,4>) i— > (G\dxs, (p\Dxs) gives a mor- 
phism from FBun n x^™ (X \ D) n to the stack classifying pairs consisting of a 
G-bundle Q on D x S and an isomorphism T Q — > Q. Since G and therefore Gd are 
geometrically connected, Lang's theorem implies that is a classifying space of 
the discrete group Goi^q) = G{Od) (use Lemma E31 below). Now the statement 
follows from the fact that FBun£,, n is canonically isomorphic to the fiber product 
of FBun n x X n (X \ D) n and SpecF 9 over y D = G(O d )\ SpecF 9 . 

a) By b), we can replace D by its multiple, so we can assume that \D\ is suf- 
ficiently large to satisfy a) of Lemma 13.11 Then Heche jf'nu, being the restriction 
of Bunq^ ,v x Bun Heche n -& to (X \ D) n , is a quasi-projective scheme. Now the 
statement follows from the fact that FBunjffr-: is a closed substack of Heckejf'"^. 
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Indeed, FBunjf"^ is the preimage in Heche^ 1 ^ of the graph of the Frobenius 
morphism in Bunjf 1 ^ x Bunj^' u . 

c) We have to check that Buno satisfies the conclusion of Lemma 13.31 b) below. 
Instead of checking that Butid satisfies the assumption of Lemma 13.31 b). we can 
argue as follows. As the question is local for the Zariski topology, we may replace 
Bun D by its open substack Bunjj l,u . By Lemma I3~T1 a) . there exists a finite sub- 
scheme D' C X containing D such that Bunjy' v is a scheme. Then Bunjy'" clearly 
satisfies Lemma 13.31 so the statement for Bunjf l ' v follows from b) together with 
the fact that groupoid Bunj} 1 ^ {¥ q ) is isomorphic to the quotient of Bunj£' u (¥ q ) by 
GD,D'(JFq) (use again Lang's theorem). 

d) The "only if" statement was explained in Remark 12.151 Assume now that 
U is admissible. Then FBun£,,n,w contains a substack consisting of F-bundles for 
which x\ — . . . — x n and <fi is an isomorphism. As this substack obviously contains 
(and actually is isomorphic by c) to) a non-empty stack Buni)(W q ) x (X \ D), the 
statement follows. 

e) follows immediately from statement c) of Lemma 13.11 □ 

Lemma 3.3. a) Let X be an algebraic stack locally of finite type over¥ q , and let 
y be a stack over¥ q such that y(S) = {(A,$) \ A G X(S),$ G Isom x{S )( T A, A)}. 
Then y is a Deligne-Mumford stack, Stale over ¥ q , containing the discrete stack 
X(¥ q ) as an open and closed substack. 

b) If, in the notation of a), all geometric fibers of the diagonal morphism 
Ax '■ X —>■ X x X are connected, then y is canonically isomorphic to X(¥ q ). 

Proof, a) As y is a fiber product over X x X of the diagonal Ax and the graph of 
Frobenius morphism, y is an algebraic stack locally of finite type over ¥ q . One checks 
that the canonical morphism y(¥ q [t]/(t 2 )) — > y(¥ q ) is an equivalence of categories, 
therefore the diagonal morphism Ay is unramified. Hence y is a Deligne-Mumford 
stack (see |LMB~| Thm. 8.1]), and y is etale over ¥ q . 

It remains to check that the natural functor i : X(¥ q ) — ► y(¥ q ) is fully faithful. 
But this follows from (actually is equivalent to) the first axiom of a stack (sheaf 
axiom for Isom(x, y)) applied to etale covers SpecF g m — > SpecF g for all m G N. 

b) We have to show that the functor i : X(¥ q ) — > y(¥ q ) from a) is essentially 
surjective. Let (A, $) be any object of y(¥ q ), and we want to find an object B of 
X(¥ q ) such that i(B) is isomorphic to (A, $). Choose m such that A is (a pull-back 
of) an object of X(¥ q m), and $ belongs to lsomx(F qm ){ T A, A). Then 

$M : = $ o T $ o . . . o rm_1 $ : A = rm A A A 
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defines an F^m-point of an algebraic group H := Isohi^ (A, A). If $( m ) is the identity, 
then the existence of B is equivalent to the second axiom of a stack applied to the 
etale cover SpecF g m — > SpecF g . The general case easily reduces to this one. Indeed, 
our assumption about A# implies that if is a connected group over ¥ qm . Therefore 
Lang's theorem implies the existence of h G H(F g ) such that rm h = /io$( m ). Then h 
induces an isomorphism between (A, $) and (A, $' := ho$>o T h~ 1 ). By construction, 
(jy(m) j g ^ e identity, completing the reduction. □ 

Remark 3.4. a) Lemma (3.31 gives an explanation of the Drinfeld's lemma (see for 
example |Lalt Ch.l, 3, Lem. 3]) used by Drinfeld and Lafforgue. 

b) In the proof of Proposition ^. 161 we used Lemma l331 onlv in two particular cases: 
when X is a scheme and when X is a classifying space of a connected algebraic group. 
In both cases the proof can be simplified. 

3.5. Before beginning the proof of Proposition 12 .3 1( recall that G(A) acts naturally 
(on the right) on the inverse limit Bun* of the Bun^s. Any element of Bun*(S) 
consists of a G-bundle Q over X x S equipped with trivializations <f) v : G\o v xs 
G x O v x S for all closed points v of X. For each g = (g v ) v G G(A), choose a finite 
set of closed points T of X such that g v G G{O v ) for all v ^ T. We claim that 
there exists a unique G-bundle Q over X x S such that Q\(x^.t)xS — £|(X\T)xs and 
G\o v xs — 'P^i.QviG x O v x S)) for each v G T (the last equality we consider inside 
G\f v xs — G\f v xs)- Indeed, by [BLj, the corresponding statement holds for vector 
bundles, so by Tannakian formalism it holds in general. 

Since Q is clearly independent of T, the rule (Q, {4> v } v )g := (G, {9v l °4 > v}v) defines 
the required group action. Moreover, it follows from the construction that Z(F) acts 
trivially, and that the induced action of Z(A)/Z(F) on Bun* gives an action on each 
Buno- Furthermore, since the open substack Bun^f" was defined as the preimage 
of Bun^ d C Bun G ad, the group Z(A)/Z(F) preserves each Bun^f . 

Remark 3.6. The above argument actually shows that Bun* is equipped with an 
action of a huge ind-pro-algebraic group, whose group of F^-points is G(A). 

3.7. Proof of Proposition \2. 3 A a) and c) follow from the fact that the action of 
G(A)/Z(F) on Bun* (resp. Z(A)/Z(F) on Bunjf), defined in 13. 51 naturally lifts to 
the actions on FBun*, n (resp. FBunjf n ) and leaves FBun*^^ (resp. FBunj^ nl ^) 
invariant. 

b) By Proposition 12.161 b). the statement would follow if we show that the in- 
duced action of J on Tro(FBunD,n,u>) has finitely many orbits and has finite stabiliz- 
ers. As we proved in 13.21 that the projection ^(FBunD^w) —> ^o(Bun) has finite 
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fibers, it will suffice to prove the corresponding statement for TVo(Bunc) instead of 
7V Q (FBun D 

,n,uj ) • 

Notice that Z(A) acts on tvq{Buuo) = TX\{Gf) via the continuous homomorphism 
U : Z{A) ^ T(A) ^ X*(T) -> tti(G), whether tv is given by the rule (ir{t), v) = 
\og q \u(t)\ for each v G X*(T) and t G T(A). Indeed, as the natural surjection 
Tv (Bun T ) = X*(T) — > TV i (G) = Tv (Bun G ) is induced by the inclusion T ^ G (see 
the proof of Lemma f2.2l in lX?T|) . it will suffice to show the corresponding statement 
for G = T, hence for G = G m , in which case it is clear. 

Note that IT factors through Z(A)/Z(F), and that the induced homomorphism 
IT : Z(A)/Z(F) — > tv\(G) has a compact kernel and a finite cokernel. Since J C 
Z(A)/Z(F) is a cocompact lattice, both kernel and cokernel of the restriction of IT 
to J are therefore compact and discrete, hence finite. This implies the assertion. □ 

4. Local model of FBun nJD 

The goal of this section is to prove Theorem 12 .201 and Corollary 12. 211 Our strategy 
will be to decompose locally Hecke n ^j as a product Gr UiW x Bun and then to use 
the fact that the Frobenius morphism has a zero differential. 

Lemma 4.1. Let Go be a G-bundle on X x S , locally trivial in the Zariski topology, 
and let tv : S — ► Buna be the morphism, corresponding to Qq. 

Then the fiber product Hecke UtW x BunS (taken with respect to the projection p' (see 
Notation ) and the product Gr n>w x S are locally Zariski isomorphic fibrations 
over X n x S. Moreover, the isomorphism preserves the stratifications induced by 
those of Hecke n jj and Gr n ^. 

Furthermore, this local isomorphism lifts to a stratification preserving local iso- 
morphism between Hecke' nZJ x Bun S and Gr' nZJ x S . 

Proof. Let (x[, . . . ,x' n ; s') be a closed point of X n x S. We want to find its open 
neighborhood, whose inverse images in Hecke n ,^ x Bun S and Gr n ^ x S are isomor- 
phic. We are going to prove the statement by induction on n. 

Assume first that ' n (this condition holds automatically for 

n = 1). By our assumption, there exists an open neighborhood V C X x S of (x[, s') 
and a trivialization ip of the restriction of Qq over V. Consider the open subscheme 
U of X n x S, consisting of points (xi, . . . , x n ; s) such that (xi,s) G V for each 
i = 1, . . . ,n. We claim that U is a required neighborhood. Let U' C Hecke n pX BunS 
and U" C Gr n pj x S be the inverse images of U. We are going to find an isomorphism 
U' A U" over U. 

Let (Q, Q'\ y n ; <fi) be the pullback to U' of the universal object over Hecke n ^. 

Let V C X x U' be the preimage of V, and let ip 1 be the trivialization of Q' over 
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V induced by ip. The composition of and ip' defines a trivialization <p' of Q over 

V \ (T yi U . . . U Ty n ). As V contains each F y . C X x [/', there exists a unique 
G-bundle £ over X x £/', trivial over (X x U') \ (T yi U . . . ur yn ) such that Q\yi = Q\y 
and the gluing is done by means of <j)'. By the definition of the afline grassmannian, 
Q defines the required morphism U' — > U" . The construction of the inverse map 
and rest of the statements is now straightforward and is therefore omitted (compare 
the proof of Lemma IA.8j) . 

Assume now that x\ 7^ a;'- for some % and j; then after renumbering of indexes there 
exists a positive integer k < n such that x[ 7^ x'a for each i < k < j. Using the second 
statement of Lemma fA. 81 a), the assertion now follows by induction hypothesis. □ 

4.2. Proof of Theorem \2.2(\ Choose fi such that y G FBunj^ nTD . By Proposition 
12. 161 b) and Lemma l3~Tl a) . we can enlarge D (and replace y by one of its preimages) 
so that Bunjf' is a scheme. By the theorem of Drinfeld-Simpson ( |DSj ). there exists 
a surjective etale morphism n : S —>■ Bunfj 1 such that the pull-back to X x S of the 
universal G-bundle on X x Buri£> is locally trivial in the Zariski topology. 

Choose a preimage y' G FBun D/njZJ x BuriD S of y, and let y" G X n x S be the 
image of y' . By Lemma 14.11 y" has an open neighborhood U C X n x S, whose 
inverse images U' C Hecke n p x Bun S and U" C Gr n p x S are isomorphic over U. 
We claim that U y := U' ><Hecke D n FBuriD,n is the required etale neighborhood of y. 
Since the natural projection U y — > FBun D , n is etale (since n is so), it will suffice to 
show that the composition map U y ^ U' ^ U" x S — » Gr n ^ is etale. 

Denote by / the restriction to [/' of the projection p : Hecken,n —> Buno from 
Notation 12.81 Then if we identify [/' and U" by means of isomorphism U' — + U", 
chosen above, the statement follows from Lemma 14.31 below, applied to Y := S, 
Z := Bunj?, T := Gr n ^ and W := f-^Bunjf) (hence V = U y ). 

Furthermore, by the last assertion of Lemma \4. 11 U y — ► Gr n ^ lifts to a morphism 
f4 x FBun D „- FBun' D nlJ — > Gr' n ZJ , which is again etale by Lemma IPl below. □ 

Lemma 4.3. LetY, Z andT be schemes locally of finite type over¥ q , letW C Y xT 
be an open subscheme, let n : Y — > Z be an etale morphism, let f : W — > Z be any 
morphism, and let V be given by equation 

V = {(y,t) eWcYx T\Frob q (f(y,t)) = n(y)}. 

Assume that Z is smooth over W q . Then the canonical map U : V c —>- W — > T is 
etale. 

Proof. Assume first that T is smooth over ¥ q (compare |Drl[ Prop. 3.3]). In this case 

V and W are smooth as well. Since the Frobenius morphism has a zero differential, V 
inside W is locally given by dim Z equations with linearly independent differentials. 
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Therefore V is smooth. Moreover, the projection II : V — > T induces an isomorphism 
on tangent spaces, hence II is etale, as claimed. 

In the general case, we may assume that Z = A m . Indeed, as the question is local 
on V, we may shrink all the schemes in question so that all of them are affine and 
there exists an etale map : Z — > A m . Then V is an open and closed subscheme of 
the scheme 

V' = {(y,t)eWcYx T\Frob q (<P o f(y, t))) = o n(y)}. 

In particular, we may replace Z, <ft and / by A m , <ft o n and <p o /, respectively. 

Next choose a closed embedding of T into an affine space T = A k . Then there 
exists an open affine subscheme W C Y x T such that W D (Y x T) = W and an 
extension / : W — > Z = A m of / to W\ Consider 

:= {(y,t) G W C Y x T\Frob q (f(y,t)) = ir(y)}. 

As T is smooth, we have seen before that the natural projection II : V — > T is etale. 
But LI : V — > T is just the restriction of 11 to V = il _1 (T). Therefore it is also etale, 
as claimed. □ 

4.4. Proof of Corollary \2.21\ b) and the first statement of a) are reduced by Theo- 
rem to the corresponding questions about affine grassmannians, which will be 
shown in Proposition IA.91 As for the second statement of a), the "only if" part 
was explained in Remark 12.131 b). while the "if" part for FBun° D nTD follows from 
Proposition 12.161 d). Moreover, since 7T : FBun' DnTD — ► FBun D , nZJ induces an iso- 
morphism FBun® n -x X n (X n \ A) A FBun° Dn - (by Proposition 12. 161 e) ) . the "if" 
part for FBun'p n w follows as well. 

c) Let m be the dimension of Buno, and let T{m/2)[m\ be the restriction of the 
IC-sheaf of HeckeD,n,w to FBun D , nZJ . We want to show that T is the IC-sheaf. 
Since the statement clearly holds for the restriction of T to the smooth open dense 
stratum FBun° D n & , it remains to show that T is an irreducible perverse sheaf. 

As the map from the disjoint union of the U y 's (from Theorem 12. 2 0|) to FBunrj, n ,uj 
is etale and surjective, it will suffice to show the corresponding statement for the 
restriction of T to each U y . Consider the commutative diagram, 

U y — U U' Gr n>w 
FBun D ^zj > Hecke D , n ,w 
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constructed in the course of the proof of Theorem 12.201 As 7T2 is etale, 7Ti is smooth 
of relative dimension m, and iii o % is etale, we get that 

77? 777 

T\ Uy = i*K*(lC HeckeD ^(--)[-m)) = i*(I Cu ,(- Y )[-m)) = ^(lC Grn J = lC Uy , 
as claimed. 

The last assertion follows immediately from the corresponding statement for 
Hecke n ,zj shown in Proposition IA. 131 and the observation that the difference 
dim F Bun D>n;W - n = 2(Y^ =l uJi, p) is even. 

Finally, the assertion for FBun' D n c follows from the (proof of) the corresponding 
assertion of Theorem I2.2UI bv precisely the same argument. 

d) By Proposition 12. 161 e) . tt : FBun' D n - — > FBuud^ is projective and induces 

an isomorphism FBun'^^ Xx» (X n \ A) —> FBun° DnTB . Hence the surjectivity 
statement follows from a). Finally, by Theorem 12.201 and Lemma f4.1[ the smallness 
of 7r is equivalent to the smallness of the forgetful morphism Hecke' n ^ — > Hecke n!ZJ , 
which will be shown in Lemma IA.12I □ 

5. Reducible F-bundles 

In order to prove Theorem 12.251 we first need some preparations. Fix a G-bundle 
Q over a smooth connected projective curve X over an algebraically closed field k. 
Equip the set of all S-structures of Q with a following partial order: we say that 
B' < B" if deg{B' x ) < deg(/3^') for each dominant (or equivalently quasi-fundamental) 
weight A of G. 

Lemma 5.1. a) For every B-structure B of Q there exists a B-structure B' such 
that B < B' and B' is maximal with respect to the above order. 

b) Let B be a B-structure of Q , which is maximal with respect to the above order, 
and letV be any maximal parabolic structure ofQ, corresponding to a certain simple 
root a of G with the corresponding quasi-fundamental weight A. Then either V 
contains B, or deg(PA) < deg(£>A) — deg(/3 Q )(A, a) + 4:g(p, A). 

Remark 5.2. The inequality is very far from being optimal. 

Let us first show how Lemma 15.11 implies Theorem 12.251 

5.3. Proof Theorem \2.2b\ Let (Q; x\, . . . , x n ; <fi) be any geometric point of the com- 
plement FBun n ^ \ FBun^^ 9 . Then there exists a -B-structure B of Q and a 
dominant weight A' of G such that deg(£>A') > (d(cJ)p,\'). By Lemma l5~TI a) . we 
may assume that B is maximal with respect to the above order. Hence there exists 
a simple root a of G such that deg(B a ) > (d(p)p,a) = d(p). Let V D B be the 
maximal parabolic structure of Q, corresponding to a. We want to show that 
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induces a rational isomorphism between V and T V . Clearly, _1 induces a rational 
isomorphism between T V and a certain parabolic structure V of Q, so it remains to 
show that V contains B. 

Let A be the quasi-fundamental weight of G, corresponding to a. By Lemma fA. 21 
V and V define line subbundles C and C of Q\, respectively, satisfying Plucker 
relations. As £ = B\ and CJ = V' x , the statement will follow from Lemma 15.11 
applied to V if we check that deg(£') > deg(£) — d(p)(\, a) + 4#(p, A). 

By Remark 12.51 c). </> -1 ( t £a) is contained in Qxi^^ii^k, — Wo(X))xi). Therefore 
<p~ l ( T C) C £'(ELiH> -w {\))xi). It follows that 

n, 

deg(C') > deg(£) - (^cu fc , -w (X))] 

k=l 

thus it remains to check that (Efc=i — w (A)) — d(w)(A, a) — 4g(p, A). Since 
— i«o(A) is the quasi- fundamental weight of C7 corresponding to the simple root 
— w (a), the statement follows from the definition of dip) and the equality (p, A) = 
(-wo(p), A) = (p, -Wo(X)). □ 

5.4. Proof of Lemma \5.1\ a) It will suffice to show that for each quasi-fundamental 
weight A of G, the set {deg(£>A)}s is bounded from above. Since every B\ is canon- 
ically a line subbundle of Q\, the statement follows. 

b) Let B be any maximal 5-structure of Q. First we claim that deg(Bp) > —2g 
for every simple root (3 of G. Assume first that G = GL2. In this case, our claim 
asserts that every rank two vector bundle £ contains a line subbundle of degree 
at least | deg(£) — g, so it follows immediately from the Riemann-Roch theorem. 
The general case reduces to that of GL2. Indeed, fix any (3. Let Pp D B be the 
parabolic subgroup G such that (3 is the only simple root of its Levi subgroup, and 
let R(Pp) be the radical of Pp. Consider Borel structure £>' := R(Pp)\B of the 
P /3 / J R(P /3 )-bundle R{Pp)\[Pp x B B}. Then deg(S^) = deg(B /3 ), and B' is maximal. 
[If not, then there exists a Borel structure B' larger than B' . Hence the preimage 
of B'q in Pp Xb B would give us a -B-structure of Q, larger than B, contradicting 
the maximality of B). Since Pp/R(Pp) = PGL 2 , we are thus reduced to the case of 
PGL2, hence to that of GL2, as claimed. 

Now we are ready to prove the assertion. Observe first that we can replace G 
by G S€ and A by the corresponding fundamental weight. By Lemma fA. 21 B and V 
define line subbundles C and CJ of Q\, respectively, and we have to show that either 
C! = C or deg(£') < deg(£) — deg(£> a ) + 4g(p, A). For this we will show that the 
latter inequality holds for every line subbundle CJ 7^ £ of Q\. Fix any I?-invariant 
complete flag = Vo C V\ C . . . C Vm = V\ of V\. Then B defines a complete 
flag = Sq C E\ . . . C £m = Q\ of Q\ with Ei = B\[B x Vj]. By construction, 
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each quotient is isomorphic to B\ i: where Aj is the weight of Vi/V^i. In 

particular, E\ = C 

For each line subbundle C ^ C, let i > 2 be the smallest integer such that C 
is contained in £j. Then £ embeds into some = B\., so it will suffice to 

show that deg(£>A') < deg(i3\) — deg(£> Q ) + 4g(p, A) for every weight A' 7^ A of V\ or, 
equivalently, that deg(£>A-A'-a) > —4g(p, A). But A — A' — a is of the form ^afi^jS, 
where j3 runs over the set of all simple roots of G and each np is non-negative. Since 
deg{Bp) > —2g for each /3, it remains to show that J2f3 n /3 — 2(p, A). As 

^n,a = (A - A' - a, p) < (A - A', p) < (A - w {\), p) = (A, p - w Q {p)) = 2(p, A), 

we get the assertion. □ 

To formulate a more precise version of Proposition 12. 301 we will need the following 
result. 

Claim 5.5. Fiber 'product FBurip t D,n x x™ (X n \ A) naturally decomposes as a 
disjoint union of open and closed substacks FBun d p k ^ 9 l, indexed by triples (d; k; [g]), 
where d is an integer, k is an n-tuple of integers with zero sum, and [g] is an element 
fG{O D )/P{O D ). 

Proof. Let Q be the universal G-bundle on X x FBunp n , and let A be the quasi- 
fundamental weight of G corresponding to P. By Lemma IA.2[ the universal P- 
bundle on FBunp^ n defines a line subbundle C C Q\, satisfying Plucker relations 
and such that the rational isomorphism <p\ between Q\ and T Q\ induces that between 
C and T C 

Now we claim that for each pair (d, k) as in the assertion, there exist an open 
and closed substack FBun d p k n of FBun Pn x x « {X n \ A) consisting of geometric 
points s such that deg(£ s ) = d and T C s = 4>(£s)(52i=i ki x i)- The first condition 
is clearly open and closed. For the second, consider the unique line bundle Li on 
X x [FBunp^ n Xj« (X n \ A)], whose restriction to the complement of T Xi is T C and 
whose restriction to the complement of Uj^iT x . is <p{C). Since the second condition 
is equivalent to deg(£i) s — deg(£ s ) = ki for each i, it is open and closed as well. 

Finally, observe that the map (G,V,ip, ...) 1— > ip{'P\Dxs) defines a morphism from 
FBunp £, n to the stack classifying Frobenius-equivalent Pp-structures of the trivial 
Go-structure. As the latter stack is isomorphic to the discrete stack G{Op>) / P{Od) 
(compare Lemma l3~3^1 . we get the required decomposition by the [g]'s. □ 

Remark 5.6. Passing to the limit over D's, we get a decomposition of FBunp*, n 
indexed by the triples as above but with [g]'s belonging to G(0)/P(0), where O is 
the ring of integral adeles of F. 
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Proposition 5.7. For each triple (d;k; [g]) as in Claim \5~b^ the restriction of the 
projection IT : FBun^jj 9 ^ — > FBuno,n to the generic fiber over X n is finite and 

unramified. Furthermore, each projection F Bun d p k ^ — ► FBun*^ n is a closed embed- 
ding. In particular, every orispheric substack of FBun* yH is closed. 

Proof. As G(O) acts transitively on the set of [g]'s, we may and will assume that 
[g] = [1]. Since Pliicker relations are closed, Lemma lA.21 implies that it is enough 
to show the statement in the case G = GL m and P is the maximal parabolic 
corresponding to the standard representation. Also the statement is clearly local on 
the base, and the first assertion is independent of D (by Proposition 12 . 161 b) ) . Thus 
it will suffice to check that for each quasi-compact open substack V of BuncL m , 
each sufficiently large D and each sufficiently small open subscheme U C X n (both 
depending on V), the restriction of II to the preimage of V x U C BuncL m x X n is 
a closed embedding. 

Given V, let l\ and li be two integers such that for every geometric point of V, 
the corresponding vector bundle does not have line (resp. rank two) subbundles 
of degree greater than Zi (resp. I2). Let D C X be a finite subscheme such that 
\D\ > max{/i — d, I2 — 2d} and D contains all points of X of degree < (l± — d) over 
F g . Finally let U C X n be an open subscheme such that each (xi,...,x n ) G U 
satisfies x« 7^ T " Xj for each i, j and each r = 1, . . . , l\ — d. Denote the preimages of 

V x U C BuncLm x X n in FBuriD,n an d F Bun d p k ^ 9 \ by A and £>, respectively, and 
we going to check that the projection B — » A is a closed embedding. 

Consider the natural morphism v : B — > FBun d GL ^ D n ^ x (x^D) n A, where the first 
projection B — > FBun d QL ^ Dn j t was defined during the proof of Claim 1531 Note that 
FBun d QL D n £ X(xsfl)« A classifies pairs consisting of a line bundle C and a rank m 
vector bundle £ on X x S, equipped with D-level structures and F-structures (that 
is, rational isomorphisms from £ and £ to T C and T £, respectively). The fiber of 
v over (C,£) classifies embeddings of vector bundles 77 : C ■=— > 5, commuting with 
F-structures and preserving D-level structures. In particular, this means that the 
D-level structure of £ induces an isomorphism between £\dxs and the first summand 
of Op xS . (Here we use the assumption that [g] = 1). 

Consider first an a priori slightly bigger stack B' equipped with a morphism 
2/ : B' — > FBun GLi Dn ^ X( Xx d)™ whose fibers classify the same data as u, but 
r)(£) is just a subsheaf of £ and not necessary a subbundle. As \D\ > li — d, 
our choice of l\ implies that such an rj is at most unique, therefore 1/ is a closed 
embedding. Since FBun d GL ^ Dn ^ is finite and etale over (X \ -D) n , this shows that 
B' is finite and unramified over A. 
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Next we will show that an open embedding £> £>' is actually an isomorphism. 
Assuming the contrary, there exists an F g -point of B' such that the corresponding C 
is not a subbundle of £ (here we identify C with r)(C)). Let CJ be the line subbundle 
of £, containing C. Then C = C(D') for certain finite non-empty subscheme D' of 
X ®F g F g . As £ G A(¥ q ), we get \D'\ < 1% — d. Also we know that <p induces an 
isomorphism between restrictions of C and 1 C to X ®f 9 ¥ q — {x±, . . . ,x n }. Hence 
there exist integers r\, . . . , r n such that the divisor T (D') — D' is equal to YH=i r i x i- 

As rj preserves .D-level structures, D' is disjoint from D. Hence each point of 
D' has a degree at least l\ — d + 1 over ¥ q . Then for each y G all points 
y, T y,..., rl d y are distinct. Since \D'\ < l\ — d, we thus get that T {D') ^ D' . 
Choose a point y G D', which does not lie in T {D'). Let r be the smallest positive 
integer such that T ' y D'. Then r < li — d and rT y G -D', hence Tr y G r (-D') \ -D'. 
Then the equality T (D') — D' = X^Li 7 "^ implies that both y and rr ?/ belong to 
{x\, . . . ,x n }, contradicting our assumption. 

It remains to show that the projection B — » ^4 is injective. If not, then there 
exists a geometric point of A and two different degree d line subbundles £i and £2 
of the corresponding vector bundle £, whose restrictions to D coincide. Let £ be 
the rank two subbundle of £, generated by C\ and £2- Then we get a contradiction 
deg^> deg£i + deg£ 2 + \D\ = 2d + |D| > l 2 . □ 

6. Cuspidal part of the cohomology 

Notation 6.1. a) Let L/¥ g be a finitely generated field extension. We will say that 
a Ga/(L/L)-module F/Qi is mixed of weight < i (resp. pure of weight i) if there is a 
scheme of finite type Z/¥ q with ¥ q (Z) = L such that T is the restriction of a mixed 
of weight < i (resp. pure of weight 1) Q/-sheaf on Z. In particular, if J 7 is a mixed 
module of weight < i, it has a finite weight filtration = JFj C G . . . G J-~i = J 7 
such that each graded piece gr^F) '■= Fk/Fk-i is pure of weight z. 

b) Let V/L be a scheme of finite type, and let T be an object of D b (Y, Qj). We 
will say that JF is a mixed complex of weight < if there is a morphism tt : Y Z 
of schemes of finite type over ¥ q such that ¥ q (Z) = L, Y is the generic fiber of it, 

and is the restriction of a mixed complex on Y of weight < 0. 

c) Combining Deligne's theorem ( \De\ 6.2.3]) with proper base change theorem, 
we obtain that if JF is a mixed complex on Y of weight < 0, then each H l c (Y, T) 
is a mixed Ga/(L/L)-module of weight < i. We denote by HI e (Y, J 7 ) the corre- 
sponding graded piece gri(H^{Y, J 7 )) and will call it pure cohomology with compact 
support. 
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Remark 6.2. Let Y be as in Notation I6.1[ and let T be a mixed complex on Y of 
weight < 0. 

a) If / : Y' — *■ Y is a morphism of schemes of finite type over L, then f*(F) is 
mixed of weight < 0. Therefore pure cohomology if* re (Y', f*(J-)) is defined. 

b) Every open embedding U <^-> Y induces an embedding H l c e (V ", T\u) 

H % Jy, J 7 ). Indeed, the kernel of the canonical map H l c (U, J-'p) — > H^YjJ 7 ) is 
a quotient of H^iY \ U, J-\y^u)> hence by Deligne's theorem, it is mixed of weight 
<(i-l). 

c) Every proper morphism / : Y' — > Y induces a morphism 

/pure • -^c,pure(^ / J * -^c,pure(^ 1 f (*^"")) • 

In particular, we have a restriction map HI C (Y, J 7 ) — > H l c puTe (Y' , J-\y) for each 
closed subscheme Y' of Y . Moreover, an argument, similar to b) shows that if 
Yi, . . . ,Yk are the set of all irreducible components of Y, then the natural restriction 
ma P Hi P xue(y,F) S^i^pure^^^) is an embedding. 

d) If Y/L is proper, then H l c {Y, ICy) = H l (Y, ICy) is pure of weight i, and thus 
HI e (Y, ICy) = Hl(Y, ICy). More generally, if Y is an open subscheme of a proper 
scheme Y'/L, then by b), H\ pure (Y, ICy) is the image of the natural morphism 

^(r,iCy)^^(r',iCyO. 

Notation 6.3. Let a Deligne-Mumford stack Y be the quotient of a quasi-projective 
scheme X by a finite group G, let Z be the quotient X by G in the category of 
schemes, and let q : Y — > Z be the natural map. Following |La2| App. A] we define 
Hl(Y, T) to be H*(Z, q*(F)) for every T G D b (Y, Q l ). 

Remark 6.4. In the notation of 16.31 we have 

a) ^* (ICy) = ICz (compare |La2t proof of Prop. A. 5] and c) below), therefore 
H l c (Y,lC Y ) = Hi(Z,lC z ); 

b) If T is a mixed complex on Y of weight < 0, then q*{T) is mixed of weight 
< as well, so we can define H* me (Y, J 7 ) := H l cpnre (Z , q^J 7 )) which automatically 
satisfies all the properties of Remark 16.21 

c) #*(Y,ICy) = H l c (X,lC x ) G . Indeed, let vr : X -> Z be the quotient map. 
Then it is finite, thus tt*(ICx) is a perverse sheaf, and ICz = 7r*(ICx) ■ Since 
Hl(X, ICx) = Hl(Z, 7r*(ICx)), the statement follows from the fact that any additive 
functor (e.g., H l c (Z, •)) between Q-linear abelian categories commutes with taking 
invariants with respect to a finite group. 



6.5. Proof of Proposition \2. a) First we will show that the space H* usp is con- 



tained in impure ■ Let h be any element of H pure \ H^we^ '■ Choose sufficiently large 
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jj, and D such that h belongs to H££. D \ H^^d- Hence h does not vanish on 
J\\FBunjf nlD \ FBunjf!^ p }. By Remark 16.21 c). h therefore does not vanish on 
a certain irreducible component C° of J\[F Bun^^ - \ FBunj^^ p \. By Remark 
16. 21 b). h then does not vanish on the closure C of C° in J\FBun£,, n ,u)- As C is an 
orispheric substack (use Theorem 12.251 and Proposition 15 .7|) . we see that /i ^ H l CVL&v . 

This shows that -f^usp c Hpure ■ 

As the set of orispheric substacks is G( A) -invariant, -f^usp * s a G(A)-invariant 
subspace of H^ nre . Therefore H* usp is contained in r\ ge a(A)g(Hp^e^ P ), hence in 
n g6 G(A)5 , (^p U Al re ) for each /i > d(tJ)p. 

Conversely, assume that some h G H l e does not lie in H l c . Then the restriction 
of h to some orispheric substack C C J\FBun #jnj u is non-trivial. Let s be the 
geometric generic point of C. It remains to show that for every /i there exists 
g G G(A) such that g>(s) ^ J\FBunf^-. Indeed, this would imply that g(C) D 

J\FBunf P tU = 0, hence g~ l (h) £ H p '£. B , thus /i ^ g(H^ e ), as claimed. 

By Proposition 15.71 s can be considered as a geometric point of FBunp^ >n for 
certain maximal parabolic P of G. Moreover, replacing s by its G(0) -translate, we 

may assume that it lies in F Bun d p k ^ with g — 1. Let A be the quasi-fundamental 
weight of G corresponding to P. If for each g G -P(A) we denote by V g the fiber at 
g(s) of the universal P-bundle, then deg(V g )\ = deg("Pi)A+log 9 |A(g)|. In particular, 
g(s) does not belong to ^FBunf^^ if \\(g)\ is sufficiently large. 

b) Let U C G(O) C G(A) be any compact open subgroup. By a), the space of 



invariants {H* nsp ) u is contained in (Hp U }e ) u ■ By Remark 16.41 c). the latter space 

is contained in some H^^£. Since this space is clearly finite dimensional, the 
statement follows. □ 



7. Drinfeld-Lafforgue case 



Proof of Theorem 2.31 . During the proof we will use Drinfeld's notation FSh r in- 
stead of the generic fiber of FBuncL r - Since FSh r is smooth of relative dimension 
2(r - 1) over F®, we have H°(FSh r , IC) = H 2 c {r ~ l) (FSh r ,Qi(r - 1)). 

Notation 7.1. Following Lafforgue ([La2j, we will say that a representation V 
of T F (2) is r-negligible if each irreducible subquotient V of V is isomorphic to a 
subquotient of the exterior product V[ Kl V{ of (Pf) 2 (composed with the projection 
r F (2) — > (Pf) 2 ) for some representations V{ and V{ oiYp of dimensions strictly less 
than r. 
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Lemma 7.2. For each d(tu)p < p < p! and each D, the quotient H p ^. eD /H p ^. eD is 
r-negligible. 

Remark 7.3. a) Lafforgue proved this assertion under the assumption that p is 
sufficiently large as a function of D (see La2, Cor. VI. 21]). 

b) Though Lafforgue |La2j and Drinfeld |Dr2j worked only in the case when J C 
A x is a cyclic group generated by an element of degree one, the general case applies 
without any changes. 

First we will show the theorem, assuming the lemma. 

a) Lemma IT2l implies that H puTe / H^nve^ is r-negligible. By Proposition 12.341 a) . 
H puve /H® usp is a subrepresentation of 9eG ( A ) H pme /g(Hp^ T ^ p ). Since the latter 
space is isomorphic as a T F (2) -representation to the direct sum of G(A) copies of 
impure/ Hpur^ p ', we get that H® mc /H® nsp is r-negligible as well. 

By (one of) the Main result (s) of Lafforgue (see |La2[ Lem. IV. 25 and Thm. 
VI. 27]), there exists an exhausting G(A) x r F (2)-invariant filtration = Vq C V\ C 
Vi C . . . C H° such that each quotient V^+i/Vk is r-negligible, and ® . V^/V^-i is 
isomorphic to ©^(tt M p n IE pV) (compare Remark 17.31 b)). Actually Lafforgue has 
shown that the last isomorphism holds after semi-simplification. However, it was ob- 
served by Drinfeld that there are no non-trivial extensions between non-isomorphic 
cuspidal representations 7i"i and tc 2 of GL r (A), therefore the former representation 
is automatically semi-simple. (Indeed, choose a compact and open subgroup U of 
GL r (A) such that {i^i) u ^ and (7^) 7^ 0. It remains to show that there are no 
non-trivial extensions between (tti) u and {tt 2 ) u as representations of the Hecke al- 
gebra TCu '■= TC(GL r (A), U). Since the center of TCv contains TC(GL r (F v ), GL r (O v )) 
for almost all points v of X, the strong multiplicity one theorem for GL r implies that 
{ni) u and {7r 2 ) u has non-equal central characters of Tijj. This implies the assertion). 

Since we know that p n ^p n is pure (Ramanujan conjecture |La2| Thm. VI. 10]) and 
that H puTC / H® usp is r-negligible, the induced filtration of H® usp satisfies the required 
property. (By an induced filtration we mean the filtration {Vj}j such that each Vj 
is the intersection of with the image of Vj in H purc .) 

b) In the case r = 2, Drinfeld (jDr2j) constructed a compactification J\FShfp 
of each J\FSh^ D with p sufficiently large (which is the coarse moduli space of the 
compactification considered by Lafforgue |La2| III]). Moreover, for each pi < p 2 
and Di C D 2l there exists a canonical morphism J\FShfjj 2 — > ^FShf^, and 

the inverse limit J\FSh 2 of the J\FShjf J s is equipped with an action of the adelic 
group G(A). 
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Though compactifications J\FShfp are not smooth, their middle cohomology 
H 2 (J\FShfp,Qi(l)) is pure of weight zero and satisfies Poincare duality. As 

a result, their direct limit H 2 (J\FSti2,Qi(l)) is equipped with a non-degenerate 
pairing. Furthermore, Drinfeld's main result says that the orthogonal complement 
Horin C H 2 (J\FSh2,Qi(l)) of the set of all Chern classes of orispheric curves is 
isomorphic to the direct sum ^^nMp^p^). By the Poincare duality, H Drin can be 

described as a set of all elements of H 2 (J\FSh2,Qi{l)), vanishing on all orispheric 
curves. 

Since H 2 (J\FSfi2,Qi(l)) is pure of weight zero, we get a canonical embedding 
-^cusp ^ H 2 (J\FSIi2, Qz(l)), which therefore induces an embedding H® nsp ■— > Horin- 
Combining this with the result of a), we thus conclude that = H Drin . □ 



7.4. Proof of Lemma \7!% By Remark c), it suffices to check that H^pum {S , Q/) 
is r-negligible for every irreducible component S of J\[FShfp \ FShf^]. Our 
strategy will be to reduce the statement to the case, where S is an A r_m -bundle 
over an open substack FSh' m D of FSh mt n for certain m < r. Indeed, in this 

case Hc&wl (S, Qi) = HcjpH7e(FSh' mD , Qi) would be isomorphic to a subspace of 

Hc!^7e l) {FSh mtD ,Qi) (use RemarklOb)). Hence by JES Prop. VI.15] it is (m+1)- 
negligible, hence r-negligible. 

By Theorem 12.251 and Proposition 15. 7\ S is an open substack of an orispheric 
substack. Let P be the parabolic subgroup of G, corresponding to S. Since the 
statement for large -D's implies that for small ones, we may increase D during the 
proof. Hence using Proposition 15.71 and Remark 16.21 b). we may replace S by the 
generic fiber of FSh r ^£>. In other words it will suffice to show the statement for 
(each connected component of the) stack S classifying pairs consisting of an F-sheaf 
of rank r with D-level structure (S, ip; x±, X2\ <fr) and a subbundle A of S of rank m 
(determined by P) such that <p(A) C T A(xi) and D-level structure ip maps A\d into 
the first m-coordinates. 

Applying if necessary transformation sending an F-sheaf to its dual, we may 
assume that S classifies pairs for which B := S/A is a pullback of a vector bundle 
over X, and induces a canonical isomorphism B — > T B. Thus we can replace 
S with its open and closed substack, over which both the quotient B = S/A and 
its induced D-level structure are constant. Moreover, we may fix a coweight v of 
SL m and an integer d and to replace S by its open substack such that A belongs 
to FSh^p. Enlarging \D\, we may assume that Hom(£>, A'{— D)) = for each 
( T A ^A'^A)e FSh^ d . 
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Choose a complete flag of subbundles = Bq C B\ C . . . C Bk- m -i C Bk- m = B 
defined over ¥ q , and put M := d — 2g + 1 — \D\ — max, deg(£>j/ By induction, 
we may assume the statement for smaller m's (the assumption is vacuously true 
for m = 1), and thus to replace S by an open substack S' characterized by the 
condition that A does not have F-subsheaves of rank (m — 1) and degree larger 
than M. We claim that the natural forgetful map tx : S' — > FSh^' D is smooth, and 
all its non-empty fibers are isomorphic to A' r ~ m . 

As the smoothness statement was shown in |LaH II, Thm. 11] (and easily follows 
from our arguments below), it remains to show the statement about fibers. Denote 
the image of n by FSh' mD , and let s be any geometric point of FSh' mD . We 
claim that the fiber vr _1 (s) is canonically isomorphic to the space of extensions 
£ G Exk(B, A s (— D j) whose image in Ext(B, A' s (—D)), induced by the embedding 
A s A' s , coincides with the image of T £ G Ext(B, T A s (—D)), induced by the 
embedding T A S A' s . Indeed, given (£ s ,ip) in 7r _1 (s) we can get £ as the kernel of 
the composition of the projection £ s — > £ s \d, the level structure if), and the projection 

to the first m factors. Conversely, given £ , we can define £ s as {£ © A s )/A s {— D), 
and the first m (resp. the last r — m) coordinates of ip to be the composition of the 
projection £ s — > A s / A s (—D) = A s \d (resp. £ s — > £\ D — > B\d) and D-level structure 
of A (resp. B). 

Put U := Ext(B,A s (-D)) and V := Ext(£>, A' s (—D)). Then embeddings A, ^ 
A' s and T A S > A' s define a linear homomorphism A : U — ► V and a r-linear 
homomorphism if) : U — > V , respectively. As A'/ A is supported at one point, A is 
surjective, and our assumption Hom(i3, A' s (— D)) = implies that its kernel is of 
dimension rk(23) = k — m. As ti^ 1 (s) is isomorphic to Ker(A — tp), |Lall II, Lem. 
18 iii)] and its proof (compare |Drlt §4, Lem. 1]) implies that in order to show the 
statement, it remains to check that there is no linear functional L on V such that 
L(ip(u)) = L(X(u)) q for each ueU. 

Assume that such an L exist. By Serre duality, V = H°(X, K x <8> B ® A'(D)), so 
L defines a non-trivial 0-equivariant section of Kx ® B <8> ^4(-D). Hence the exists j 
such that L defines a non-trivial 0-equivariant section of K x <%> (Bj/Bj-x) ® ^4.(-D), 
thus a non-trivial 0-equivariant morphism A — > A'x <8> (Bj/Bj-x)(D)- Its kernel is a 
F-subsheaf of ^4' rank l — l and degree at least d—(2g—2)—deg(Bj/Bj-x) — \D\ > M, 
contradicting our definition of 5". This completes the proof of the claim, which (as 
it was observed in the beginning of the proof) implies the lemma. □ 
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Appendix A. 



In the appendix we give proofs (or sketches of proofs) of basic properties of G- 
bundles, affine grassmannians and the stacks of Hecke, used in the paper. Though at 
least some of these facts are considered well known among experts, we were not able 
to find any reference in the literature, so we sketch the argument for completeness. 

A.l. Proof of Lemma \2."A In the case G = G m , the required isomorphism between 
7i (Bun& m ) = n (Pic) and X*(G m ) = Z is given by the degree map. This implies 
the statement in the case of torus. In general, the embedding T <^-> G defines a 
surjective map 7r : X*(T) = hq^Buut) — > ^{Buna) (see |DS| App.]). Moreover, 
using standard reduction to the GL 2 -case (see |DS| App.], where the semi-simple 
simply-connected case is treated, and compare the proof of Proposition IA.9I b) ) . we 
get that it factors through tx\{G). Thus it remains to show the injectivity of the 
resulting canonical map Wq : Tti(G) — > n (Bun G ). 

When G der is simply connected, the injectivity of W G follows from the fact that the 
composition map ni(G) — > iro(Buna) — > 7i (Bun G ab) = 7Ti(G ab ) is an isomorphism. 
For a general G, choose a central extension v : H — > G such that H der is simply- 
connected, and S := Ker{y) is a split torus (see |MSl Prop. 3.1]). Then we have 
the following commutative diagram, induced by v: 



m(G) — 7T (Bun G ) 

As Buns ac ts transitively on all geometric fibres of the projection Burin — ► Buric, 
7i (Bun s ) = iti(S) acts transitively on all fibers of iro(u). Since Wh is injective and 
7r 1 (S')-equivariant, and since ni(G) = tti(S)\tti(H) , the injectivity of W G follows. □ 

Lemma A. 2. Let P be a parabolic subgroup of G, and let Q be a G-bundle over a 
scheme S . Then there exists a canonical bijection between: 

(i) P -structures ofQ; 

(ii) families of line subbundles {A\ C Q\}\ (indexed by characters of P which are 
dominant weights of G) such that ^4ai+a 2 = A\i ® ^a 2 (considered as subbundles of 
Q\ 1+ \ 2 C Gx 1 ® GxJ for each Ai and A 2 ; 

(Hi) families of line subbundles {A\ i C (indexed by characters of P which are 
quasi-fundamental weights of G^) satisfying the Pliicker relations: for each tuple of 
non-negative integers {ki}i, the line subbundle ^iiAxJ^ C ®i(Gxi)® ki ^ s contained 
in GZihM- 



* ir (Bun H ) 
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Proof, (i) ==>- (ii). Let V be a P-structure of Q. If a dominant weight A of G is a 
character of P, then the highest weight line l x of V x is a P-subrepresentation of V x . 
Moreover, line subbundles A x := P\[V x l x ) c P\[P x 1/ A ] = Q x satisfy (ii). 
(ii) ==>- (iii) is clear. 

(hi) (i). Suppose that we are given a family {A Xi C G Xi }i, satisfying the 
Plucker relations. We claim that this family defines a canonical P-structure of Q or 
what is the same a canonical section of the fibration P\Q — > S. By the uniqueness 
assertion, the statement is local in the etale topology on S, so we may assume that 
Q is trivial. Hence P\Q = (P\G) x S, thus we want to construct an S-point of P\G. 
We have a canonical embedding P\G > Yli^i^i)- Each A Xi C Q Xi corresponds to 
an S'-point of F(V Xi ), and the fact that the {A Xi C G Xi }i satisfy the Plucker relations 
means precisely that the corresponding S'-point of the product n^PO^) defines an 
S-point of P\G. ' □ 

Lemma A. 3. Butiq 1 is an open substack of Buna- 

Proof. As any dominant weight of G ad is a linear combination of quasi-fundamental 
weights with rational non-negative coefficients, it is enough to check the condition 
deg(£> s )A < (/i, A) only when A is a quasi-fundamental weight. Since the number of 
quasi-fundamental weights is finite, it remains to check the openness of this condition 
for a given quasi-fundamental weight \. 

Let Pi D B be the maximal parabolic subgroup corresponding to A^; then (B s ) Xi 
depends only on Px B B S . By Lemma [/\~2l condition deg(B s ) Xi < (/i, Aj) is equivalent 
to the assertion that (G s )xi has no line subsheaves of degree (/i, Aj) + 1, satisfying 
Plucker relations. Since Plucker relations are closed, and since line subsheaves of 
given degree of a given vector bundle are represented by a projective scheme, our 
condition deg(£> s )A i; < (/i, Aj) is therefore open, as claimed. □ 

A. 4. Proof of Lemma \3. 11 a) First we consider the case of G = GL n . Fix an ample 
line bundle 0(1) an X. Then given /i, there exists m £ N such that for every S/¥ q 
and every £ £ Bun-^(S), we have: 

i) the direct image pr !f (£(m)) is a vector bundle on S, 

ii) P 1 pr ;f (£(m)) = 0, and 

iii) E is a quotient of pr*[pr >f (£(m))](— m). 

Next given (/z and) m, we get that pr j)[ (£(m)) is a subbundle of pr*(£(m)\ DxS ) 
pr*{0™ DxS ) for each \D\ sufficiently large, where the last isomorphism is induced by 

the D-level structure. Thus the functor (£,ip) t— > (j>T+(£(m)),£) embeds Bunj^ 1 ' 1 ' 
into a quasi-projective scheme classifying pairs consisting of a subbundle Ti of 
pr*{0™ DxS ) of given rank, and a locally free quotient of \pr*1~C\(—m) of rank n and 
degree v. This implies the representability of our functor in the GL n -case. 
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For the general case, we can proceed as in ( |Bel[ Sec.4]): Choose an embedding of 
G into GL n . Since Bun^' 1 ' is quasi-compact, the map Q t—> GL n x G Q maps Butiq^ 

into some BuUqI ,u d . Next, using the fact that G is reductive and, therefore, GL n /G 

is affine, we conclude that the induced map Bun^f^ — > Bun^^D * s affine, implying 
the represent ability assertion. Finally, since coherent sheaves on curves have no 
second cohomology, the smoothness assertion follows from deformation theory. 

b) First, we claim that there exists a faithful representation V of G, which is a 
direct sum of Weyl modules. Indeed, our claim is equivalent to the assertion that 
the intersection of kernels of all Weyl modules is trivial. As G is reductive, this 
intersection is obviously central, so it is contained in the maximal torus T of G. But 
dominant weights of G generate the group of all characters of T, so their kernels 
have a trivial intersection, as claimed. 

Now our strategy will be very similar to that of |Gat A. 5], where the corresponding 
statement for Gr^, defined below, is shown. Choose N G N such that — N < 
(u>i, X) < N for each i = 1, . . . ,n and each weight A of V. Consider a substack 
Hecke' of Hecke n , consisting of tuples (Q, Q'\ xi, . . . , x n ; <f>) G Hecke n satisfying 

i) ^(-^(ElUr.J) C <t>{G v ) C G' v (N(^ =i r Xi )) and 

ii) det(S v ) =det(^)(E^ 1 (det(y),u; i >r !B4 ). 

Then Hecke nt u is a closed substack of Hecke' (use Remark 12.51 c)). so it remains to 
show the represent ability and projectivity of Hecke' — > Bun x X n . 

Consider another stack Hecke" classifying data {£ , Q';xi, . . . , x n ; (p), where 
(£/'; xx, . . . , x n ) G {Bun x X n ) (S) , £ is a vector bundle over X x S of rank dim V, and 
4> is an isomorphism between the restrictions of £ and Q' v to [X x S)\(T Xl \J. . .ur Xn ) 
satisfying conditions i) and ii) as above with Qy replaced by £ . Then Hecke" is rep- 
resented by a closed substack of a relative grassmannian over Bun x X n , hence 
Hecke" — > Bun x X n is representable and projective. 

Let Q be the universal GL(V)-bundle over Hecke" x X, corresponding to £. Then 
the quotient G\Q has a canonical section / over (Hecke" x X) \ (T Xl U . . . U T Xn ), 
corresponding to the universal isomorphism of GL(V) x G Q' with Q over this set. 
Moreover, Hecke' is the largest substack A C Hecke" such that / extends to a 
regular section on all of A x X. We want to show that Hecke' is a closed substack 
of Hecke" . 

As G is reductive, G\GL(V) is affine. Thus G\Q is affine over Hecke" x X. 
Since the question is local in the Zariski topology on both Hecke" and X, we are 
thus reduced to the following assertion: Suppose we are given a scheme S, n points 
Xi, . . . , x n G X(S) and a regular function I on U := (S x X) \ (T Xl U . . . UT Xn ). Then 
the functor J-"i/S, which for every scheme T classifies morphisms / G Hom(T, S) 
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such that /*(/) extends to a regular function on T x X, is represented by a closed 
subscheme of S. 

Let j : U ^ S x I be the open embedding, let s G T(X x S, j*{Ou)/0 X xs) be 
the image of I, and for each i = 1, . . . , n, let Sj be the restriction of s to T Xi A 5. 
Then / G Hom(T, 5) belongs to J~i(T) if and only if /*(sj) = for each z. Therefore 
is represented by the intersection of the schemes of zeros of the Sj's. 

c) Since Hecke' nW = Hecke 1 ^ 1 x Bun Hecke 1<0J2 x Bun ... x Bun Hecke ljUln , it is 
projective over X n x Bun (by b)) hence over Hecke njTJ . The second assertion follows 
from Lemma [A. 81 a) below applied (n — l)-times. □ 

Notation A. 5. Consider a formal disc T> := Speck[[x}] (resp. punctured formal 
disc T>* := Spec over k. For each scheme X/k, we denote by Xx> (resp. 

Xx>*) be a scheme (resp. functor) over k such that X-p(A) = X(A<S>kk[[x]\) (resp. 
Xv*{A) = X(A®kk((x)))) for each fc-algebra A. In particular, X-p is just the 
inverse limit of the Xp/s, where T>i := Spec A;[[x]]/(x J ), and X^ = Rd./^X is the 
Weil restriction of scalars. 

Definition A. 6. Let Gr be an ind-scheme, which classifying G-bundles over a 
formal disc T>, trivialized over a punctured formal disc T>* (compare |Gaj ). Gr is 
called a local affine grassmannian. As in the global case, for each uj G X+(T) we 
define a closed subscheme Gr^ of Gr and a locally closed subscheme GV°. 

Remark A. 7. Gt>* is the group of automorphisms of the trivial C7-bundle on T>*. In 
particular, Gj>* acts naturally on Gr, making Gr a homogeneous space. Moreover, 
Gr w and Gr^ are (^-invariant subschemes of Gr. 

Lemma A. 8. a) For each two positive integers k < n, put 

U k ,n-k ■= {{xi, ■ ■ ■ , x n ) G X n \xi ^ Xj for each i < k < j}. 

Then for each u>\ G X+(T) k and ZJ2 G X^(T) n ~ k , the forgetful morphism 

7r : Hecke^^i ^Bun Hecke n —k^ > H ecke ny (jjY,zj2) 

is an isomorphism over Uk, n -k- Also over Uk^n-k, Hecke n ^^) is canonically iso- 
morphic to the fiber product 

H ecke{k^),(n-k,uj2) := (Heckek£3i x H ecke n _k^) x BunxBun Bun, 

taken with respect to the projection p' x p' : Hecke^^zj- x Hecke n -k^ — > Bun x Bun 
(see Notation \2. ty) and the diagonal morphism Bun — > Bun x Bun. 

b) Over X n \ A, Gr n p is canonically isomorphic to the product f7™ =1 Gr\ Wi . 

c) There exists a smooth surjective morphism S — *> Bun x X with connected fibers 
such that Heckei^ x X xBun S is isomorphic over S to Gr l oj x x S. 

d) Each Gr\ yW is a Zariski locally trivial fibration over X with fiber Gr^. 
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Proof, a) Let (Q, G'] yi, . . . , y n \ 4>) be an 5-point of Hecke n ^ m ) x X n U k>n - k . Define 
Qi (resp. Q 2 ) to be the G-bundle over X x S whose restriction to the complement of 
Uj^fcTy- is that of Q' (resp. Q), restriction to the complement of \J i>k r y . is that of Q 
(resp. Q'), and the gluing is done with help of 0. Then (Q, Q'\ . . .) 1— > (Q, Q 2 , Q'\ . . .) 
gives us the inverse (of the restriction) of 7r, while the map 

(G,G';...)»((Gi,G';... ),&,&;...)) 

gives us the required isomorphism 

Hecke n ^^) x x « U k ,n-k —> Hecke^^Xn-k,^) x x n U k , n -k- 

b) follows from the second part of a) applied (n — l)-times. 

c) The space S, classifying pairs (x, G) £ X x Bun together with a trivialization 
of Q over the completion of the graph of x (or sufficiently large (depending on uJ) 
nilpotent neighborhood of x), satisfies the required property by [BLJ. 

d) As explained in |Ga| 2.1.2], the fibration Gri u — > X becomes trivial over a 
certain principal bundle over X, whose structure group A is the inverse limit of the 
A k s with Ak(R) = Aut R (R[t]/(t k+1 )). As every .A-bundle is locally trivial in the 
Zariski topology, the statement follows. □ 

Proposition A. 9. a) The reduced schemes (Gr^^)^ an d (Gr® w ) Te a are smooth 
over X n of relative dimension (2p, X^Li^i)- Moreover, Gr® n - andGr'® w are reduced, 
unless the characteristic of k is two, and G has a direct factor isomorphic to PGL 2 
or P0 2m +i- 

b) Both Gr n ijj and Gr' nW are irreducible. 

Proof, a) By Lemma f3. II c). Gr®- = Gr'®- x x ™ {X n \ A). Therefore it remains to 
show the statement for Gr'®-. Secondly, as 

Gr n,w = Hecke i^ x Bun ■ ■ ■ * Bun Hecke^^ x Bun Gr° Wn , 

Lemma f4. II and Lemma IA.8I imply that it will suffice to show that (Gr®) Te d is non- 
singular of dimension (2p, to) and that Gr® is reduced unless char k = 2, and G has 
a direct factor isomorphic to PGL 2 or P0 2m+ \. 

By the Cartan decomposition, (GV°) red is a homogeneous space for the action of 
Gd of dimension (2p,ui). Thus (GV°) re d is non-singular, and the smoothness of Gr° 
is equivalent to the smoothness at some point. Assume now either that char A; 7^ 2 
or that G does not have a direct factor isomorphic to PGL 2 or P0 2m+ i. 

Let (G,4> '■ Gm*xGr° — * G x V* x Gr°) be the universal object over Gr°. Then 
for each Weyl module V\, 4> gives an embedding of Q\ into triv\((X, u)x), where 
we write triv\ instead of V\ x T> x Gr°. Let B be the stack over Gr® classifying 
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£>-structures of Q, and let us replace the universal object over Gr° by its pullback 
to B. Then each b G B defines a line subbundle £\ of the fiber of Q\ over X x {b}. 

Consider a substack B' of B consisting of those points b such that for each A G 
X+(T), the corresponding line subbundle C\ is not contained in triv\(((\, u>) — l)x). 
Since the conditions for Ai and A2 appearing in the definition of B' imply that for 
Ai + A2, B' is defined inside B by finitely many open conditions, so B' is open in B. 
Also since B is pro-smooth over Gr°, it will suffice to show that B' is reduced. 

For each b G B', the corresponding line subsheaf C\(— (A, uj)x) of triv\ is a sub- 
bundle. Furthermore, these subbundles satisfy the Pliicker relations, so by Lemma 
IA.21 the rule b 1— > C\(— (A, u)x) defines a morphism / from B' to the reduced scheme 
B := (G/B)x>, classifying I?-structures of the trivial G-bundle on T>. Hence it will 
suffice to show that / is an isomorphism. Note that both B' and B are equipped with 
a natural action of Gx>, that / is Gp-equi variant, and that B is a homogeneous space 
for the action of Gx>. Therefore it will suffice to check that the schematic preimage 
C := f~ l (o) of the point o G B, corresponding to the standard 5-structure, consists 
of one reduced point. 

By Cartan decomposition, C re d consists of one point y^ G Gr{k). Explicitly, y^ = 
gu(yo), where yo G Gr{k) is a point corresponding to the trivial C7-bundle on V, and 
g u G T{k{{x))) C G(k((x))) = G v *{k) is the image of x~ l G k({x)) x = G m (k((x))) 
under uo : G m — > T. So it remains to show that the tangent space T Vu (C) is trivial. 

For each dominant weight A of G, denote by £ ,a C triv\ be the line subbundle 
corresponding to the standard S-structure. Then C is a schematic intersection 
inside Gr of GV° with an ind-subscheme J\f u , consisting of points (Q, 0) such that 
£ ,a((A, uj)x) is a line subbundle of Q\ for each A. Let iV be the unipotent radical of 
B. Then N w is a homogeneous space for the action of the group N&*. Therefore we 
get a surjective map p : N-p* — > AC sending u to u{y u ) which induces a surjection 
dp : Lie N(k((x))) — > T yw (Af u ). Hence we have to check that dp(u) ^ T Vuj (Gr w ) for 
each u G Lie N(k((x))) \ Ker(dp). 

For each u G LieiV(fc((x))), denote by Q u C G x V* x Spec k[t]/(t 2 ) the G-bundle 
onDx Spec k[t]/(t 2 ), corresponding to dp(u) G T Vui (Gr) C Gr(/c[t]/(t 2 )). Then our 
assertion is equivalent to the fact that for each u G \AeN{k{{x))) s Ker(dp), there 
exists a dominant weight A of G such that {Q u )\ C x D* x Spec /c[t]/(t 2 ) is not 
contained in (V\ x V x Spec k[t]/(t 2 ))((X,uj)x). 

Note that Lie N(k((x))) decomposes as the direct sum ® a k((x)), where a runs 
over the set A + of all positive roots of G, and that Ker(dp) = ® a x~^ tJ ' a ' > k[[x]]. For 
each u G Lie N(k((x))) and a G A + , denote by u a G k((x)) the a-component of u. 
Choose a basis {vi}i of V\ consisting of T-eigenvectors and denote by G A*(T) the 
weight of V{. Then {x~^ i,u) \vi + t^ oi u a a(vi))}i generate the vector bundle (Q u )x- 
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Therefore we have to check that for each u G Lie N(k((x))) \ Ker(dp) there exists 
A G X+(T), a T-eigen vector v of V\ of weight fi, and a G A + such that a{y ) ^ and 
u a x"^ - ^ k[[x]}. As u Ker(dp), there exists a such that u a ^ a; - ^'"^/c [[#]]. 
Thus it remains to show that for each a G A + , there exists A G X^(T) and a 
T-eigenvector v of Va of weight A — a such that a{v) ^ 0. 

Using the representation theory of SL 2 , the last statement is equivalent to the 
assertion that for each a there exists A such that (a, A) (where a is the coroot 
corresponding to a) is not divisible by char k. Assume that this is not the case. Then 
for each /i G X+(T), the product is divisible by char k. Since (a, a) = 2, we 

thus get that char k = 2. Let G±, . . . ,Gi be all the simple factors of G ad numbered 
in a way that a is a root of G\. Replacing a by a Weyl group conjugate, we can 
assume that a is simple. As for every other simple root /3 of G±, we have {a, ft) 
is even, we see from the classification of simple groups that Gi is either PGL 2 or 

P02m+X- 

It remains to show that Gi is a direct factor of G. Since Gi is adjoint, and 
the center of G*f consists of two elements, it remains to show that the canonical 
homomorphism G s { —>■ G is not injective. To see this, denote by T\ C the 
preimage of T. Then X^Tf 2 ) is generated by coroots of Gf , hence there exists 
/i G X*(T 1 SC ) such that (a,fi) = 1. Therefore our assumption on a implies that 
the restriction map X*(T) — > A*(T 1 SC ) is not surjective, or, what is the same, the 
homomorphism Gf —>■ G is not injective, as claimed. 

Remark A. 10. a) By the above argument, the condition in the proposition is not 
only sufficient but also necessary, that is, Gr®^ is not reduced if k is a field of 
characteristic two, and G has a direct factor isomorphic to PGL 2 or P02 m +i- 

b) It would be interesting to check whether the full stack Gr^ is reduced. This 
seems to be the case at least in some simple cases (e.g. for G = SL 2 ). A positive an- 
swer to this question would imply that both FBun n ^ and Hecke n ^ are reduced. In 
particular, a variant of Hecke n ^, considered in Remark |2. 51 d). would then coincide 
with the original one. 

b) We start from showing that Gr^ is irreducible. As Gr^ is a homogeneous 
space for the action of a connected group scheme Gx>, it is irreducible. Hence it 
will suffice to show that for every two dominant coweights satisfying Ai < A2, the 
orbit corresponding to Ai lies in the closure of that of A2. For this we may assume 
that the difference A2 — Ai is a positive coroot a of G. Indeed, by the lemma of 
Stembridge (see e.g., |Ral Lem 2.3]), there exists a sequence of dominant coweights 
Ai = no < Hi < . . . < fi r = A2 such that any two neighboring /i's differ by a positive 
coroot. Next we may assume that G is of semi-simple rank one. Indeed, choose a 
maximal torus T of G, and let G' be the subgroup of G generated by T together 
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with the image of the canonical morphism SL 2 — > G, corresponding to a. Then G' 
is a reductive group of semi-simple rank one, and the statement for G' implies that 
for G. As any reductive group of semi-simple rank one is a product of a torus with 
either GL 2 , SL 2 or PGL 2 , it remains to check the statement for GL 2 . In this case 
the irreducibility of Gr^ easily follows from explicit resolution of singularities. 

Remark A. 11. The irreducibility of Gr^ is essentially equivalent (using Bott- 
Samelson resolution of singularities) to the fact that the standard order on coweights 
is induced by the Bruhat order on the affine Weyl group. 

Next, as in the beginning of a), the assertion for Gr' nZ} follows immediately from 
that for Gr u . In particular, we get the statement for Gri jU . The assertion for Gr n ^ 
will be shown by induction on n. First by Lemma IA.8I c) we get the irreducibility 
of Gr 

n,uj x x n {X n \ A). Denote now by Gr n u the closure of Gr n ^ y~x n 

{X n n A) 

in Gr nZJ . For each % 7^ j, consider the closed subscheme (Gr n p)\ Xi = Xj of Gr n ^. 
As it is given locally by one equation in Gr n p, it is of codimension one. On the 
other hand, by induction hypothesis, {Gr n ^)\ Xi=Xj is irreducible and has the same 
dimension as (Gr n p)\ x . =x .. Thus (Gr n p)\ Xi=x - is contained in Gr n p for each i 7^ j. 
Hence Gr n ^ = Gr niW , as claimed. □ 

Lemma A. 12. The forgetful morphism tc : Hecke' nZJ — > Hecke n ^ is small. 

Proof. As the statement is well known to experts, we will just sketch the argument 
for the convenience of the reader. Observe first that it follows from basic properties 
of Coxeter groups that the Bott-Samelson resolution Gr w — »■ Gr u is semi-small. Our 
statement is a formal consequence of this fact. Indeed, consider the stratification 
of X n , given by diagonals X, = Xj. As the restriction of 7r to the open stratum of 
X n is an isomorphism (by Lemma l3.1|) . it will suffice to show that the restriction 
of 7r to each stratum is semi-small. Moreover, by Lemma [A. 81 a) and the induction 
hypothesis, we have to check the assertion only for the closed stratum X\ — . . . — x n . 
Furthermore, by Lemma lA.81 c).d). it will suffice to show that for each (x,Q) G 
X x Bun the restriction ir y of 7r to y := (x,...,x;Q) € X n x Bun is semi-small. 
The last assertion follows from the observations that the fiber of Hecke n ^ over 
y is isomorphic to Gr ul+ ^ +Wn1 and the (semi-small) Bott-Samelson resolution of 
Gr ul+ ^ +Wn factors though ir y . □ 

Proposition A. 13. The restriction of the IC-sheaves of Hecke n .u and Hecke' nZJ to 
each stratum isomorphic to a direct sum of complexes of the form Q[(k/2)[k] with 
the parity of k is the same as that of dim Hecke n ^ = dim Hecke' n -. 

Proof. First we will show the corresponding statement for Gr^. Let (the Iwahori 
subgroup) I C Gx> be the preimage of B C G under the natural projection G-d — > G. 
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Since the IC-sheaf of Gr u is G^-equivariant and since each stratum of Gr^ has an 
open /-orbit, it remains to show the corresponding statement for the restriction of 
the IC-sheaf to each /-orbit. For this we will use the same strategy as in |Gat A. 7]. 
Consider the Bott-Samelson resolution 7r : Gr u — > Gr u . By the decomposition 
theorem, ICo w is a direct summand of 7r!(Q/)(dimGr £J )[2dimGr a; ]. Therefore it 
will suffice to show that the restriction of tt\(Qi) to each /-orbit is a direct sum of 
complexes of the form Qi(k)[2k}. Consider the stratification of Gr w by /-orbits. As 
/ is pro-unipotent, each stratum of Gr^ is an A^-bundle (for some N) over the 
corresponding stratum of Gr u . By the proper base change theorem, it will therefore 
suffice to show the statement for each fiber. 

Thus we are reduced to showing that if p : X — > ¥ q has a stratification by 
affine spaces, then p\(Qi) decomposes as a direct sum of complexes of the form 
Qi(k)[2k]. Let N be the dimension of X, and let U be the disjoint union of (open) 
strata of X of top dimension. By induction, we may assume that the statement 
holds for X \ U. As the statement clearly holds for affine spaces, hence for U, it 
would suffice to show that p\(Qi) decomposes as a direct sum p\(Qi\u) © P\(Qi\x^u)- 
As the statement is equivalent to splitting of the canonical distinguished triangle 
P'XQi\u) ~^ P'XQi) P\{Qi\x<u) ~~ N the assertion for Gr^ now follows from the fact 

that p\(Qi\u) = t>wP\(Qi)- 

In the global case, we will show our assertion by induction on n. For n — 1, 
it is an immediate consequence of the case of Gr u was proved above (use Lemma 
IA.8I c),d)). As Hecke' nW = Hecke 1 ^ 1 x Bun Hecke ltU12 x Bun ... x Bun Hecke lt0Jn , the 
assertion for Hecke\ tUJ implies that for Hecke' nZJ . For n > 1, take any stratum S of 
Hecke n ^j. We have two cases: either S lies over X n \ A, or S is a stratum of some 
(Hecke n p)\ x . =Xj . In the first case, the statement follows from that for Hecke' n U j and 
Lemma 13.11 

In the second case, the statement will follow from the induction hypothesis if we 
show that the restriction of the IC-sheaf of Hecke n ^ to (Hecke n ^)\ Xi=Xj C i/ecfce„_i 
is a direct sum of IC-sheaves of closed strata. By Lemma IA.121 tt\ maps the IC- 
sheaf of Hecke' n ZJ to that of Hecke n ^. By the proper base change theorem, we are 
therefore reduced to the case n = 2, which in its turn reduces to the case of Gr 2 ^. 
In this case, the assertion over ¥ q is shown in the proof of |Ga[ Prop 1], and the 
decomposition over ¥ q easily follows from the fact that each fiber of Gr' 2 w — > Gr 2 ^ 
has a stratification by affine spaces (compare the proof of Lemma IA.12|) . □ 
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